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Abstract: The problem of simulating the spectral line shapes of aligned immobile samples arises in solid-
state NMR of various biological systems, including integral membrane proteins and peptides, receptor-bound
ligands, and macroscopically oriented DNA fibers. An important issue with regard to the extraction of structural
information is the correct treatment of the distribution of local symmetry axes relative to the average alignment
axis (mosaic spread). Previous formulations have not considered explicitly the three-dimensional uniaxial
character of the local axis disorder. Rather, the mosaic spread has been treated simply by convoluting the
theoretical line shape function with an effectively two-dimensional distribution of the local symmetry axes.
Here a closed-form line shape expression is derived for an axially symmetric distribution of bond orientations,
which includes the uniaxial distribution of the local symmetry axis about the average alignment axis. As an
illustration, the influences of the bond orientation and the degree of mosaic spread on delie)iNiVIR

line shapes are investigated. The closed-form solution in terms of elliptic integrals gives virtually identical
results to those of an alternative numerical Monte Carlo line shape simulation method. The derived line shape
function yields the correct powder-type limit, and has been tested by simulating a tilt seii€8IMR spectra

of purple membranes containing bacteriorhodopsin with a specifically deuteRtadthyl group in the retinal

ring. The probability distribution for the bond orientations derived herein can be of potential interest for solid-
state NMR spectroscopy of aligned biomolecules involving dipolar, quadrupolar, and chemical shift interactions,
such as integral membrane proteins and peptides.

Introduction tion of the principal axes of the tensor relative to the external
Solid-state NMR spectroscopy provides a unique tool in Magnetic field:* Magic-angle spinning studiéé'2can provide
structural chemistry for investigating the properties of molecular the tensor principal values in terms of internuclear distance con-
solids, liquid crystals, and various supramolecular biological Straints;®which are analogous to those in nuclear Overhauser
assemblied-? Here, the structural parameters are contained in €ffect spectroscopy (NOESY) in solution NMRZLikewise,
the principal values of the coupling tensor due to quadrupolar, Solid-state NMR of oriented sampfe$ yields angular con-
dipolar, or chemical shift interactions, together with the orienta- Straints, corresponding to the limit of weak alignment in solution
NMR, e.g., involving bicelle¥ or filamentous phag¥.For non-
TWork based in part on a dissertation submitted in partial fulfillment of CryStaI-“ne or amorphous systems, compar!son OT the SOIId_Sta}te
the requirements for the Ph.D. degree in Chemistry at the University of NMR line shapes with theory allows one to investigate the static
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Baker Laboratory, Cornell University, Ithaca, NY 14853. motions, and the degree of static disorder in aligned samples.

* Present address: Institute of Structural Biology, Forschungszentrum In certain cases one deals with the simulation of solid-state
Juich, D-52425 Jlich, Germany. - L .
y NMR line shapes for uniaxially oriented samples that are es-

§ Also at: Department of Biochemistry, University of Arizona, Tucson, " - ! ¢
AZ 85721, and Department of Physics, Freie Univét&exlin, Arnimallee sentially immobile on the relevant NMR time scale. The problem
of a uniaxial immobile distribution arises in noncrystalline
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membrane protein$;202lfilamentous phage, and possibly low- the static electric field gradient (EFG) tensor, or alternatively
temperature lipid phases. In such applications, one is typically the intermediatel} frame of theresidualEFG tensor (i.e., left-
interested in obtaining bond angle distributions relative to the over from motions fast on théH NMR scale); and. denotes
static alignment tensor of the system. Clearly the accuracy of the laboratory frame defined by the external main magnetic field
the solid-state NMR spectral simulations is a crucial factor with Bo. An example of the case of a static EFG tensor would be an
regard to the reliability of biophysical interpretations. Only if immobile CH, group, whereas a rapidly rotatingifz group
there is an accurate correspondence of the simulated NMR specwould yield a residual coupling tensor. A more detailed dis-
tra to experiment can firm conclusions be drawn about the bond cussion of tensor averaging can be found in the book chapter
angles or the degree of static disorder in the sample. Measure-of Brown? In eq 1,y = yq or Xgﬁ is the static or residual (ef-

ments of the experimental NMR line shapes as a function of fective) quadrupolar coupling constant, ands 7q or nlef is
the sample inclination (tilt) and temperature provide important the asymmetry parameter of the EFG tensor. The symbols
tests for models which describe the solid-state NMR spectra D(%)(QXL) wheren = 0, +2, denote the Wigner rotation matrix
. . . . . nl ) ’ ’

for a given system® as different formulations may fit the experi-  glements for the overall transformation of the irreducible com-
mental line shape at a single tilt angle or temperature equally ponents of the EFG tensor from its static or residual principal
well. . ) axis system, associated with a particildrlabeled site, to the

Here we present a general formulation for the solid-state laboratory frame as given by the Euler ang®®s = (, 6, 0).
NMR line shapes of uniaxially oriented immobile samples for are we use the convention of R8%éor right-handed body-
the spinl = 1 case. A closed-form line shape expression is fixed rotations, and for the Wigner rotation matrixes.
derived, and the effect of the bond orientation and static disorder The generalized coupling parametgrandy are related to
on o_leuter|um2Q—|) NMR_Ime ShaF’?S IS |nyest|gated theorencally the principal values of the EFG tensor and can be determined
at different macroscopic sample inclinations. As a representativer i o powder-typ@H NMR spectrum, for which the bond
example, an integral membrane protein which plays an Important yiro ctions are isotropically distributéﬂ.bomparison of the
role in photosynthetic energy conversion, bacteriorhodopsin, is residual coupli ft off .

pling parametep({‘f2 and 7o to the appropriate

considered® The new line shape simulation method can be . . ! X !
. : : : static valuegq andyq yields information about the influences

applied to solid-state NMR spectra involving quadrupolar, < : . .
of pre-averaging due to fast motion%For instance, in case of

dipolar, and chemical shift interactions as a means of studying 2 methvl aroun . fast rotations lead to a reduction of the static
biomolecular structure in relation to activity, e.g., for integral nytgroup, - off 1
coupling constant by a factor of 3, vizg = xq /2 (3 cog

membrane protein receptors having bound liga#ds. 109.47 — 1) = — 15 yo = —56.7 KHz, where the effective

Solid-State NMR Line Shapes of Uniaxially Aligned asymmetry parameteyg,’ is reduced to zero by the axially
Immobile Samples symmetric motions.

Deuterium (?°H) NMR Spectroscopy of Aligned Systems.
One approach for simulating solid-state NMR spectra is to derive
a closed-form line shape function, which is limited to fairly
simple distributions, such as spherical powder-type aver-
aging>92733 A closed-form expression for th# NMR line
shapes in the case of a simple distribution ef48 or C—C2Hs
bond orientations on a cone has also been derived, i.e., for coni-
cal (or cylindrical) averaging, without explicit treatment of the
three-dimensional disorder of the symmetry a&&s**A second
approach involves numerical simulation of the solid-state NMR
spectral line shapes®>3° e.g., by solving the stochastic
Liouvile—von Neumann equation including multiple-site
jumps2:3%-41 Such numerical methods are useful when the time

In what follows, we consider the specific case of the
quadrupolar coupling in deuteriurdH) NMR spectroscopy, as
in the pioneering work of Vold and co-worke¥8:23-25 How-
ever, the analysis is generally applicable to quadrupolar, dipolar,
and chemical shift interactions as a result of the isomorphism
of the Hamiltonians for rank-2 interactiodsTo calculate the
line shape function due only to static distributions, and possible
pre-averaging of the coupling tensor from fast motions (on the
H NMR time scale), one needs to calculate the marginal
probability distribution of the NMR transition frequencfeghe
latter depends on all of the possible orientations of the’tT
bonds in the sample. For sdir= 1 quadrupolar nuclei, a closed-
form line shape expression can be derived by considering the
single-quantum transitions-1— |0Cjand |0L— |—1L] corre- (26) Rose, M. EElementary Theory of Angular MomentLividiley: New
sponding to the?lH NMR transition frequencies'g and vg, York, 1957.

P y 9 y (28) Cohen, M. H.; Reif, FSolid State Physl957, 5, 321—438.

. 3 @ " @ @ (29) Abragam, A.The Principles of Nuclear MagnetismOxford
yE=4= D¥ (Q — LD Q)+ DY (Q University Press: London, 1961.
Q 4X{ 6o () \/g[ “20 Q) + D3 ( XL)]} (30) Seelig, JO. Rev. Biophys.1977 10, 353-418.
1 (31) Davis, J. HBiochim. Biophys. Actd983 737, 117-171.
( ) (32) Spiess, H. W. INMR Basic Principles and ProgresBiehl, P.,

. . . Fluck, E., Kosfeld, R., Eds.; Springer-Verlag: Heidelberg, 1978; Vol. 15,
In the above expression, the subscdpt P, | designates the  pp 55-214.

frame associated with the principal axis system (PRBpof (33) Schmidt-Rohr, K.; Spiess, H. Wiultidimensional Solid State NMR
and PolymersAcademic Press: San Diego, 1994.
(20) Ulrich, A. S.; Watts, ASolid State Nucl. Magn. Resoh993 2, (34) Hentschel, R.; Silescu, H.; Spiess, H. Rdlymer1981, 22, 1516—
21-36. 1521.
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171. Magn. Reson1987 72, 89—107.
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Figure 1. Example of transformation of the coupling tensor for an
aligned uniaxial immobile sample. A seven-helix transmembrane protein
having a?H-labeled methyl group is depicted, as in the case of
bacteriorhodopsin, ref 16. The overall rotation from the principal axis
system (PAS) to the laboratory frame (defined by the magnetic field
Bo) is given by the Euler angleQx. = (¢, 0, 0), where an axially
symmetric coupling tensor(= 0) is assumed. Using the geometry of

vddeov et al.

associated with the average orientation of the’l@ or C—C2H3
bond with respect to the local symmetry axi¥, (nembrane
normal), as given by the fixed angigs, together with the
uniaxial distribution of the bond orientations relative to the local
symmetry axig. Clearly one objective of the NMR experiments
is to determinedg accurately even in the presence of consider-
able mosaic spread.The second transformatid®yp = (0, ¢',
¢") corresponds to the local symmetry axis disorder, character-
ized by#', as well as the three-dimensional uniaxial distribution
of the local symmetry axesN) with respect to theaverage
symmetry axis D, director) as given by the azimuthal angle
¢'. Finally, the third transformatio®p_ = (0, 6, 0) describes
the fixed sample inclination (tiltp relative to the external
magnetic field Bo); cf. Figure 1. (Note that the first and second
transformations include the azimuth from the subsequent rotation
to simplify the notation, which is consistent with the standard
convention for Euler angle®)

However, to derive the line shape function in closed form, it
is convenient to break up the transformation of eq 2 into two

the system, the transformation is decomposed into three intermediateindependent subtransformations, that is to say:

rotations. The first set of Euler angl€sw = (0, 0s, ¢) describes the
orientationfg of the principal axis system (PAS) of the EFG tensor,
i.e., static K= P) or residual X = |), with respect to the local symmetry
axis N, about which there is a static uniaxial distribution of the bond
orientationsp. The second transformatidnp = (0, €', ¢') corresponds

to the deviationd' of the local alignment axi® with respect to the
average normal to the membrane pldh€mosaic spread), together
with the corresponding azimuthal rotatioff. Finally, the third
transformatiorQp. = (0, €, 0) describes the inclinatiof (tilt) of the
average membrane norm@l relative to the main external magnetic
field Bo, for which the azimuth is immaterial. Note that the overall
transformation from the local membrane frame to the laboratory is
described by the angle@y. = (¢, 6", 0), cf. the text.

scale of the motions falls within the relevant NMR time scale,
and the distribution function for the symmetry axes and the
geometry of the system of interest still remain fairly simple.
Now in 2H NMR spectroscopy the structural information is
contained in the principal values of the electric field gradient
coupling tensor, together with the orientation of its principal

2

DGo(Rx) = 5 DGi( QDR (3)
m=-2
2

DGo(@x) = D @up)DRY( R0 (4)
m=—2

Referring to Figure 1, the additional angl&s. (¢", 6", 0)
describe the overall orientation of the local symmetry aXis
with respect to the laboratory frame (main magnetic field), which
can be expressed via the Euler anglesand ¢'. To simplify

the analytical calculation, rank-1 rotation matrixes can be used
instead of rank-2, which yields

cosf = cosf cosh” — sinfg sin 0" cosgp + ¢") (5)

(6)

cosf'" = cosh' cosO — sin b’ sin O cosg’

axes relative to the external magnetic field, as described in the (In using rank-1 rotation matrixes it must be remembered that

classic book of Haerlenl® Without taking into account any
specific internal molecular geometry, the overall transformation
of the PAS of the static or residual EFG tensor to the laboratory
frame is given in terms of the Euler angl&s. = (¢, 6, 0).

the parity is odd, whereas the coupling interaction has even
parity and is invariant to inversioi}.) Here¢" is a phase factor
(not shown) that is a function of){, ¢'). It links the combined
closure expressions using two transformations, given above, with

The latter can be expanded into three intermediate transforma-the full closure expansion of eq 2 using three transformations.

tions, as illustrated in Figure 1 for the specific example of a
seven-helix transmembrane protein having a specificidly
labeled methyl group. Here the transformations include the
orientation of the G-2H or C—C?H3 bond with respect to the
local symmetry axis (membrane normal), the static distribution
of the local symmetry axes with respect to the average

The additional phase can be disregarded when the azimuthal
average is consideréflpr when differentiating holding, ¢')
constant (vide infra). The angleg and ¢' are uniformly
distributed from O to 2, whereas the probability distribution

of the anglef’ can be approximated in many cases simply by
a normal Gaussian distribution. At a given displacement from

membrane normal (mosaic spread), and the orientation of thethe average directdt, the marginal probability distribution of
sample as a whole with respect to the external magnetic field the bond angle8 can then be obtained by integrating the joint

(tilt angle). By using the well-known closure property of the
rotation group, one can write that
2 2
DI(Qx) = 2.2 DI Q) D @up) D Qo1) (2)
=—2m=-2

Let us consider the general case of a uniaxially symmetric
sample having an axially symmetric coupling tenspr= 0).
Here we start with the orientation of the principal axis system
(PAS) with itsz-axis along a particular €2H or C—C?Hz bond.
The first set of Euler angle®xn = (0, 0g, ¢) pertains to the
orientation of the PAS of the static or residual EFG tensor

probability for the multivariate distribution over9'(¢') or
equivalentlyd", which is the corresponding polar angle (co-
latitude).

Probability Distribution for Overall Bond Orientation.
Clearly one is generally interested in the distribution of the
overall bond anglé with respect to the laboratory frame, as
defined by the magnetic fielBy. The task at hand is then, first,
to evaluate the mapping of the joint probability distribution for
the angular variables{, ¢') into the probability distribution
for the overall bond anglé. Second, the mapping of the overall

(42) Trouard, T. P.; Alam, T. M.; Brown, M. Rl. Chem. Phys1994
101, 5229-5261.
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bond angle distributiop() into the distributions for the reduced
frequencies . of the twol = 1 spectral branches is considered,
where the latter constitute the experimental NMR line stape.
In the limit of a random or spherical (powder-type) distribution,
p(@) — Y, sin 6 and the well-known Pake doublet is ob-
tained?”2° But for a semi-random distribution, e.g., a uniaxial
or conical-type distributionp() is governed by the specific
geometry appropriate to the problem considéred.

In terms of the model depicted in Figure 1, the static distri-
bution of @ is specifically generated by the azimuthal rotation
¢ about the local symmetry axis, e.g., the local membrane
normal. That is to sayd is implicitly a function of¢ and vice
versa, cf. eq 5. Thus we can write specifically that

p(0) dé = p[¢(0)] dep(0) = p(¢) d¢p = dd’ )
Introducing the reduced frequencigsof the twol = 1 spectral
branches, the derivativepttlé. can be evaluated to yield the
NMR line shape, e.g., in the absence of mosaic sptead.

However, in the presence of mosaic spread (alignment
disorder), the overall bond angieor alternativelyg depends
on the two angular variable®'( ¢'), in addition to the fixed
parametersé, 0g). Here one needs to consider the marginal
probability distribution for the random variabieobtained by
integrating over the variable®'( ¢'). In general, the marginal
probability distribution ford is obtained by integrating the joint
probability densityp(, €', ¢') with respect to the subset of
variables @',¢"), yielding:

p@)do= [ f P, 0, ¢)sing' do' dp'  (8)
Now according to Bayes’ rulé?
P, 0", ¢') = (10", ¢') P(O") P(¢) ©)

wherep(6|¢', ¢') is the conditional probability distribution for
0 given @',¢'), and the random variable$'(¢') are assumed
statistically independent with probability densitip') and
p(¢"). Comparison with eq 7 then allows one to identify the
conditional probability distribution for the overall bond orienta-
tion 6 as:

(00)g
2

p(d|6', ¢') db = (10)

Finally, one obtains from eqs-8L0 that

27 (09)g o (94" )9
2

p@) do= [ [ p(9) sin®' do’ (11)

where¢ and¢' are given in terms of eqs 5 and 6, respectively.

One can then express the above integral, eq 11, in terms of

the new angular variabl' which describes the mosaic spread
at constan®’, cf. Figure 1. Making the substitution &f' for

¢ leads to
) X
o'

——p(0") sing' do' (12)

0+0'

p(9)dd =

0 cos¢ d C0S¢'
0 9 80”

=k,

do do"
sing sing

After calculating the derivatives in eq 12, the probability

J. Am. Chem. Soc., Vol. 121, No. 336309

distributionp(6) for rank-2 interactions becomes

cos@)—0")
L/(; Los@ﬂ?)

dcos6"”
JIcos@ — ) — cost"] [cos 0" — cos@ + 6p)]
p(6') sin @' do’ sin 6 do
J[cos@® — 6') — cos6'"] [cos 6" — cos + )]

p(0)dd =

X

(13)

Note that in the above expressighand 6 are treated as
constant parameters, so that the integral involves the single
integration variable®"” within the above indicated limits. It is
well-known that a unique solution for such an integral equation
is not obtained? Physical solutions for eq 13 are obtained only
for the case that the square roots are both real. In what follows,
we define

a = cosf — 0y) (14a)
B = cos@ + 0y) (14b)
y =cosf — 0) (14c)
0 =cosp + ) (14d)

Physical considerations (cf. Figure 1) indicate that for angles
0, g, 6, and®’ € [0, 7] the inequalities cos — Og) = cos@

+ 6Og) and cosf — 60') = cos@ + 6') are applicable.
Consideration of the various permutations of the cosine terms
in the two radicands (not shown) then yields two real physical
solutions: ) fora >y >d > pory >a > > 9, and (i)
fory>a>d6>pora>y>p>0.

NMR Spectral Frequencies and Line Shape Function.
Following ref 5 one next needs to consider mapping of the
probability distribution for the overall bond angiginto the
frequency space of the NMR spectrum. For an axially symmetric
coupling tensor, the NMR spectrum is given in terms of the
reduced frequencies. of the twol = 1 spectral branches by

E,==+",(3cogf—1) (15)
corresponding tolcos 6] = ,/(142&,)/3. Conservation of
probability in the angular or frequency spaces then yields:

P(§,) d&. = p(6) dO (16)

However, due to the even-rank coupling, only the absolute value
can be determined, so that

p(EL) — (17a)

IP(E)] = |§é| ()|

Ip(6)|

B V3L £ 2£,) Isin g

We are now in a position to calculate the line shape function
p(é+) in mathematical closed form. The distribution of the
colatitudep(') is assumed to be Gaussian

)

(17b)

01

p(6") = (18)

(43) van Kampen, N. GStochastic Processes in Physics and Chemistry
North-Holland: Amsterdam, 1981.

(44) Gradshteyn, I. S.; Ryzhik, I. MTable of Integrals, Series, and
Products, 5th ed Academic Press: San Diego, 1994.
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whereo is the standard deviation about the meanfl= 0
Integration of eq 13 with respect to cé$ then yields two

physical solutions which involve complete elliptic integrals of
the first kind#* (A similar approach is used in the case of an
asymmetric coupling tenséy The following general expression

is obtained for the NMR line shape:

MHhifo>y>0>pory>a>p>0

e
COoSs

(i)ify >a>0>pfora>y>p>0

Ip(E)I O

x 1 y -0 o
Ip(EI O 0| K ()—() exl- ) sing' do’ (19b)
where
X=+(y = 0) (o = p) (19¢)
y=+v(@=9)(y —p) (19d)

Here the kerneK (k) =
integral of the first kind in the normal trigonometric fotfn

77/2 dx
V1 - Ksirf x

The reader should note that the solutions correspond to
the reduced frequencigs; so that cosd = ++/(1+2£.)/3,

—J(1£2E,)3.

Clearly the above general result, eqs t8afor an immobile

Kk = (20)

uniaxial distribution in the presence of three-dimensional
alignment disorder should reduce directly in various limiting
cases to previous formulatioRg? For instance, in the absence

of mosaic spreadf( = ¢' = 0), the probability density(0')
becomes) (0’ — 0) = 6(cos@' — 1), i.e., a Dirac delta function
is obtained. Solutioni) then gives

1 a1l (X
(e 0 —2— —K(—)acose'—l dcost’ (21a
PE) |Se|ﬁ)y WEl ) (21a)
1 1 (X
0 ~—K(—) - 21b
|COSB|y y|c050 1 ( )

and analogously for solutioni). In this limit only solution ()

yields a physical result; whereas the contribution from solution

(ii) becomes zero. Thus, eqs *9areduce immediately to the

previously published result for a conical semi-random distribu-

tion in the absence of mosaic spre&t
Ip(E)1 O
1

cos |y/[cos @ + 0g) — cosd] [cos — cos O — 6;)]
(22)

Here cos @ — 0g) > cos@ > cos @ + 0g), which is satisfied

F(r/2 K) represents a complete elliptic

vddeov et al.

two-dimensional treatment of the alignment disorder, since eq
5 by itself contains no information about thaiaxial character

of the distribution of the local symmetry axes, as manifested
by boththe angle®' and¢'. (In geographical terms one includes
only latitude whereas longitude is neglected.) Consequently, one
needs to properly treat the uniaxial distributions about both the
local membrane normal and the average membrane normal, as
described by egs 5 and 6. Finally, in the limit that the integrands
in eqs 19ad are independent of the classical Pake for-
mula>272%is obtained

1
IP(EL)] D 057

1
D—
JIE2E,

Alternative Monte Carlo Line Shape Simulation Method

Here we also consider an alternative numerical method for
the NMR line shape simulation, which can prove useful in the
case of complicated internal molecular geometries and distribu-
tion functions for the alignment disord&?1° Even if an
analytical closed-form expression can be derived for the
probability distribution,p(d), it still has to be integrated over
the distribution of possible orientations of the local symmetry
axes with respect to the average director, cf. eqs-tRahe
complete elliptic integrals arising in this procedure can be
calculated only numerically in most cases and converge slowly
due to the presence of singularities, which affect the precision
and require substantial computational time. Moreover, to obtain
the final inhomogeneous line shape, egs -1@ahave to be
convoluted with the intrinsic line shape, e.g., due to homoge-
neous linebroadening. However, these computational difficulties
are bypassed if the line shape is accumulated numerically from
the very beginning, namely, by randomly generating the
corresponding variables suchg@sp’, andd' according to their
distribution functions, and using egs 1 and 2 together with egs
5 and 6. The angleg and¢' are uniformly distributed from O
to 27, wheread)' is assumed to be normally distributed with a
Gaussian standard deviationin the case of three-dimensional
symmetry axis disorder, random values@dfare generated by
inverting the associated cumulative distribution functiR{ft’),

r 0’ _q2 H
P(0)=N [ ex = sinq dg

whereN is a normalization constant, and the valuesP(")

are uniformly distributed from 0 to 1. For a given triple of the
anglesg, ¢', and @' the quadrupolar splitting is calculated by
using egs 1 and 2, and a unit intensity value is assigned to this
splitting. This procedure, referred to as the Monte Carlo line
shape simulation method, is repeated about 50 000 times which
proves sufficient to accumulate a smooth spectrum freh00

to 100 kHz. Finally, the convolution with the intrinsic line shape
can be numerically calculated.

(23a)

(23b)

(24)

Simulation of Deuterium NMR Spectra of Uniaxial
Immobile Samples

Clearly any model which aims at describing thé NMR

for all angles. The above expression, eq 22, is equivalent to thespectra of aligned samples should reproduce a classical Pake

case when only eq 5 is consideRdpr which the theoretical

powder patterfi~2° as a limiting case if the angle§ are

line shape function must be convoluted with a Gaussian uniformly distributed over a unit sphere, regardless of the

distribution, replacingd — 6 + 6' to introduce the mosaic

macroscopic tilt angle of the sample. Part a of Figure 2 shows

spread. However, this approach corresponds to an effectivelysimulations of powder-typeH NMR spectra obtained by using
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a) 2-D mosaic spread b) 3-D mosaic spread
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Figure 2. Simulation of?H NMR powder-type limit for a uniaxially
oriented immobile sample at macroscopic inclination angles of0°

and 90 using values for the effective coupling parameterq§f=

56.7 kHz andqgff = 0, and a mosaic spread of= 7°. Convolution
with an intrinsic Lorentzian line shape having a width of 0.5 kHz has
been applied as a final step. (a) Simulation using the simplified two-
dimensional distribution of symmetry axes, eq 22, obtained by replacing
6 — 6 + 6 and averaging ove#'. (b) Simulation using a three-
dimensional distribution of the symmetry axes, eqs-1@zcf. the text.
Note that the formulation based on the two-dimensional distribution,
part a, fails to reproduce the powder spectrum limit &t €mple tilt.

On the other hand, part b shows that the classical Pake powder pattern
can be recovered as a limiting case at both tilt angles by explicitly
including both the uniaxial distributions about tNeandD axes, viz.
involving ¢ and¢', corresponding to a three-dimensional treatment of
the mosaic spread.

M
N
_

60 40 20 0 -20 -40 -60 60 40 20 0 -20 -40 -60 60 40 20 O -20 -40 -60
frequency / kHz

Figure 3. Simulation of tilt series oPH NMR spectra for a uniaxial
immobile sample showing the effect of the bond orientatigrwith
respect to the local symmetry axis at sample inclinationé ef 0°,
15°, 307, 45°, 60, 75°, and 90. All spectra are scaled by the integral:

a simplified treatment for the mosaic spread, eq 22, where
(@) 6s = 3°, (b) 65 = 30°, (C) U5 = 40°, (d) O = 50°, (€) Oz = 7C°,

6 £+ 6', which corresponds to effectively a two-dimensional

distribution of the symmetry axes. As can be seen from Figure
2, while the powder-type Pake pattern can be reproduced as
limiting case for the® = 0° tilt angle, it cannot be simulated
for the & = 90 tilt. By contrast, use of eqs 19al, which

and (f) 65 = 90°. The closed-form expression, eqs 12k has been

a{Jsed together with values of the coupling constary@f: 56.7 kHz

and a mosaic spread of= 7°. Convolution with an intrinsic Lorentzian

line shape having a width of 3.2 kHz has been applied as a final step.

Varying the bond orientatios yields dramatic alterations of the

correspond to a full three-dimensional treatment of the MOSaiC gpectral line shapes, especially for tilt angtesf 15°, 30°, and 4%
spread, eliminates this undesirable feature. Consequently awithin the range of bond angleds from 30 to 50.
powder pattern is recovered at both tilt angles, part b, as well

as at other sample inclinatior®$ (not shown).The aboe 19a-d, with those obtained by using the Monte Carlo method
emphasizes the importance of a correct treatment for the js presented in Figure 5. The two methods yield virtually
distribution of the symmetry axes in uniaxially aligned samples jdentical results, although the calculation time in the former case
Next, Figure 3 shows simulation of a tilt series%f NMR is about 60 times longer than for the Monte Carlo simulation
spectra for a uniaxially oriented immobilized sample at various (1 h versus less than one minute for the whole tilt series
values of the bond orientatiofls with respect to the local  calculated on a desktop computer operating at 266 MHz). It
symmetry axis, as indicated in partsfaThe closed-form line  follows that the Monte Carlo approach appears to be more
shape expression given by eqgs t@has been used. As can effective from a computational point of view, especially for the
be seen, changing the value for the bond angle yields dramaticcase of a nonaxially symmetric EFG tensor and complicated
alterations of theH NMR spectral line shapes, such as the internal geometries as in the case of DR¥Adowever, in terms
appearance and disappearance of peaks and shoulders in thgf structural biophysics it is clearly desirable to employ both

spectra, especially for tilt angle® of 15, 30, and 45 Note approaches as a means of investigating the uniqueness of the
that the largest changes are predicted within the range of bondpond angle solutions.

anglesfg from 30 to 50. By contrast, Figure 4 shows that the
effect of the local axis disorder (mosaic spread) primarily
changes the spectral line widths for different valuesrptf. As a representative biological application, the closed-form
parts a-f. At a greater degree of the mosaic spread 2th&lMR line shape expression, eqs 193 has been used to simulate
spectra become similar to the powder-type Pake pattern at largeiexperimentafH NMR spectra of an integral membrane protein,
sample inclinations, cf. parts e and f of Figure 4. bacteriorhodopsin (bR), aligned on planar glass substtétes.
A comparison of the results for a tilt series®f NMR spectra Bacteriorhodopsin is a light-driven proton putti#” and occurs
calculated by using the closed-form line shape expression, egsnaturally in the purple membranestgélobacterium salinarium

Application to Integral Membrane Proteins
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Figure 4. Simulation of tilt series ofH NMR spectra for a uniaxial
immobile sample showing influence of the mosaic spread sample
inclinations ofg = 0°, 15°, 30°, 45°, 6(°, 75°, and 90. All spectra are
scaled by area: (8 =1° (b)o=3°(c)o=7° (d)o =10 (e)o

= 15° and (f)o = 20°. The closed-form expression, egs 1+9h has

vddeov et al.

a) closed form b) Monte Carlo
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Figure 5. Comparison of results obtained using different line shape
treatments: (a) closed-form line shape expression given by egs 19a
d; (b) Monte Carlo line shape simulation using egs 1 and 2 together
with eqs 5 and 6. Results are shown for sample inclinatiorfs=f0°,

15°, 307, 45°, 60°, 75°, and 90, where all spectra are scaled by the
integral. The value of the effective coupling constant has been set to
X%ﬂ = 56.7 kHz, and the bond orientation and the mosaic spread have
been fixed at values d@fs = 70° ando = 7°, respectively. Convolution
with an intrinsic Lorentzian line shape having a width of 3.2 kHz has
been applied as a final step. Note that the two methods yield virtually
identical results; however, the computational time in the former case
is about 60 times longer than for the Monte Carlo simulation. Therefore,
the Monte Carlo approach is computationally more effective, especially
for the case of a nonaxially symmetric EFG tensor and more
complicated internal geometries.

been used together with values of the effective coupling constant of bacteriorhodopsin with a specificai-labeled methyl group

%&' = 56.7 kHz and the bond orientation 6 = 70°. A Lorentzian

at the R position of the retinal ring® is depicted in Figure 6.

line broadening of 3.2 kHz has been applied as a final step. IncreasingFast motions about the methyl rotor axis yield a decrease of

the local axis disorder (mosaic spread) primarily broadens the spectral
line widths. At even greater degrees of mosaic spread?th8MR

spectra become similar to a powder-type Pake pattern at larger samplegptain the

inclinations,f = 60—90°, cf. parts e and f.

the static coupling constanby approximately a factor of 3, as
found from simulating the powder-tygel NMR spectruné to
principal values of the coupling tensopgg'r= 52.4
kHz and;yeQff = 0. Part a shows representative experimetital

It is the prototype of seven-helix transmembrane proteins and NMR spectra of bR-containing purple membranes aligned on
bears a similarity to other members of this class, such as planar substraté$.As can be seen from part b of Figure 6, a

rhodopsin which is found in the rod cells in animal and human
eyes and plays an important role in the process of vi§idh.

three-dimensional treatment of the mosaic spread, given by eqgs
19a-d, yields an excellent agreement of the simulated and

Bacteriorhodopsin thus represents a model system which canexperimental spectra if the bond angdlgis set to 68.8. It is
be investigated in relation to other integral membrane proteins noteworthy that at ©sample inclination, for a given value of

and ligand-binding receptofd°1t is known that the chromo-

the bond angl@g there is an additional solutio§ = 42°, not

phore isomerizes about one of its double bonds after absorptionshown in Figure 6) which yields a similar spectral pattern, but

of light, and in this way changes its interactions with the protein
binding pocket. Hence, the structural information fréfiINMR

with a reversed sign of the quadrupolar splitti§drherefore,
to unequivocally determine the value of the bond orientation

spectroscopy may be of great value in understanding the gy additional spectral measurements at other sample inclinations

mechanisms of action of these retinal proteins.
Simulation of the experimentdH NMR tilt series spectra
for macroscopically oriented purple membranes, containing
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are needed.

The necessity to consider properly the three-dimensional
uniaxial character of the mosaic spread is further illustrated in
part ¢ of Figure 6. Here the simplified two-dimensional treatment
of the mosaic spred®lhas been used, eq 22. The subspectra
calculated for various values 6f— 6 + ' distributed around
the average macroscopic tilt anglehave been added with a
weighting factor of expf(60 — 6')4%202]. In this case a slightly
different value for the bond orientation 8¢ = 69.5’ is needed
to correspond to the experimentally observed splitting’ &ilt)
in comparison with the three-dimensional treatment hawing
= 68.8. As can be seen, the peaks corresponding tc?tthe
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a) experiment b) 3-D mosaic spread ©) 2-D mosaic spread that influence the accuracy of the various bond angles are the
choice of a model for description of the geometry of the system
’//\% A _//\J\L of interest, and the type of distribution of the local symmetry
90 axes (mosaic spread). In the present paper, a general closed-
form expression has been derived for the NMR line shapes of
immobile uniaxially oriented systems as a function of the macro-
scopic sample tilt angle. The line shape function derived in
45 closed form has been shown to yield identical results with an
alternative numerical Monte Carlo meth8d.° However, for

the case of complicated internal geometries and types of static
disorder, as well as for a nonaxially symmetric electric field
o gradient tensor, the latter approach is advantageous, since it

60 40 20 0 20 -40 60 60 40 20 D -20 -40 60 60 40 20 0 -20 40 -60 allows one to avoid a substantial increase in computational time
frequency / kHz associated with singularities in the closed-form line shape
Figure 6. Simulation of experimentadH NMR spectra of bacterio- function.
rhodopsin in oriented purple membranes at different sample tilt angles  The2H NMR line shape theory described in the present work
at 20°C, ref 16, sho_wing influence of different treatments of the mosaic gy aligned samples can be applied to integral membrane proteins
spread. (a) Experimental spectra ét= 0%, 45°, and 90 sample 544 peptides at temperatures where they are essentially im-
inclinations. (b) Simulation by using eqs 9d, corresponding to an 1, yijizeq to form an axially symmetric distribution about the

explicit treatment of the three-dimensional uniaxial distribution of the membrane normal. Representative examples include bacterior
symmetry axes, with a bond orientation@&f = 68.8 and a Gaussian ’ P P

standard deviation for the mosaic spreadsof 7.2°. (c) Simulation hodopsin® and possibly rhodopsin, the opioid receptors, and
using the simplified treatment, eq 22, corresponding to an effectively Various G protein-coupled receptéfsMoreover, as shown by
two-dimensional approximation for the mosaic spread, ref 20, with a Nevzorov et al® the same method can also be applied in
bond orientation ofz = 69.5 and a Gaussian standard deviatiowof ~ principle to nucleic acid fibers and their interactions with
= 7.0°. In both cases a coupling constantx@f =52.4 kHz has been  proteins. As a specific illustration, the previously publisted
used, ref 16, and a Lorentzian linebroadening of 3.2 kHz has been experimental tilt series of th#H NMR spectra of macroscopi-
applied together with a correction, ref 54, for the finite pulse length of cally oriented purple membranes, containing bacteriorhodopsin
3.2 us. The minor peak_ in the ;enter of the experimefAINMR with a specifically?H-labeled methyl group at theRlposition
spectra, part a, most likely arises from the natural abundance of f i retinal ring, has been simulated in closed form. The results
deuterium in water. Excellent agreement of the theoretical spectra with show that a simplified treatmetwhich corresponds effectively

experiment is obtained in the case of part b for an explicit three- t tWo-di . | . d d td ibe simul
dimensional treatment of the mosaic spread. By contrast, the two- 0 a two-dimensional mosaic spread, does not describe simul-

dimensional formulation, part c, yields much sharper peakssa@ple  taneously théH NMR spectra at all tilt angles, nor can a powder
tilt than observed experimentally, and thus is not applicable for Pattern be recovered as a limiting case. By contrast, an excellent

description of the static disorder in purple membranes. agreement of the simulated spectra with experiment is obtained
in the case of a three-dimensional treatment. Here, the data allow
NMR splitting até = 0° tilt are found to be much sharper than one to determine the angle between tHe[1-C?Hs] methyl
observed experimentally, and cannot be fitted simultaneously group rotor axis of the retinal prosthetic group and the membrane
with the rest of the tilt series. The above means that the normal to be 68.8+ 1.0° (or alternatively its supplementary
simplified treatment, eq 22, is not suitable for the description value of 180 — 68.8 = 111.2; see Moltke et at® for a more
of solid-state?H NMR spectra of uniaxially oriented integral ~ detailed discussion of experimental errors). It should be noted
membrane proteins. It is also interesting that if the subspectrathat such precision still lies beyond the reach of one of the most
are added together with an additional factor 6ind®’, the powerful methods for structure determination, namely X-ray
quality of the simulation for the Otilt 2H NMR spectrum is crystallography?°3 The information about the various bond
improved (not shown). However, the reader is warned that orientations obtained frofH NMR can then be further used
inclusion of the sine factor to account for the three-dimensional as angular constraints in conjunction with other experimental
character of the symmetry axis disorder is inconsistent with the techniques as a means of determining the overall orientation of

neglect of integrating over the azimuthal angpe in the the retinal with respect to the membrane normal. As a rule, the

effectively two-dimensional treatment. °H NMR line shape method described here can be applied to
studies of ligands bound to integral membrane proteins,

Discussion membrane-bound peptides, and other uniaxial aligned systems

. . in relation heir biological mechanisms of action.
Solid-state NMR spectroscopy provides a powerful tool for elation to their biological mechanisms of actio
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